Abstract. Here we show that for a C 2 surface diffeomorphism that satisfy the hypothesis of Hayashi connecting lemma either can be approximated, in the C 1 topology, by a diffeomorphism exhibiting a homoclinic tangency or the diffeomorphism already presented transversal homoclinic orbits.
Introduction
Let M be a C ∞ compact surface and f : M → M be a C 1 diffeomorphism. Let Λ be an isolated hyperbolic set, we shall say that q is a homoclinic point (of f ) associated to Λ if q ∈ W s (Λ, f ) ∩ W u (Λ, f ) \ Λ, where
resp. W u (X, f ) = {x ∈ M : lim n→−∞ dist(f n (x), f n (X)) = 0}
is the stable (resp. unstable) set (manifold) of X. When f is well understood from context we shall put simply W s (X) and W u (X). Let p be a hyperbolic periodic point of f and q a homoclinic point associated to p, we shall say that q is a transversal homoclinic point if T q W s (p) + T q W u (p) = T q M , in the opposite case we shall say that q is a homoclinic tangency associated to p. A sequence {γ n } of finite orbits of f is called an almost homoclinic sequence associated to Λ if there exist U , a neighborhood of Λ, and ǫ > 0 such that:
ii. there exist q s ∈ W s ǫ (Λ) \ Λ, q u ∈ W u ǫ (Λ) \ Λ, q ′ n ∈ γ n and m ′ n ∈ Z + , for all n ∈ Z + , such that q u = lim n→∞ q ′ n and q s = lim n→∞ f
where W s ǫ (Λ) = x∈Λ W s ǫ (x) and W u ǫ (Λ) = x∈Λ W u ǫ (x) are the local stable and unstable manifolds of Λ respectively. We shall say that an invariant set Λ of f is a basic set if it is a compact, hyperbolic, isolated and transitive.
The C 1 connecting lemma of Hayashi [H] says that, if a compact isolated hyperbolic set Λ has associated an almost homoclinic sequence, then for all C 1 neighborhood U of f , there exists g ∈ U coinciding with f in a neighborhood of Λ and having a homoclinic point associated to a periodic hyperbolic point in Λ. Our purpose here is to show the following theorem. (ii) for all N ⊂ Diff 1 (M ), a neighborhood of f , there exists g ∈ N having a homoclinic tangency associated to p.
In [PS] , it is proved that given a diffeomorphism f : M 2 → M 2 , it can be C 1 approximated by a diffeomorphism exhibiting a homoclinic tangency or by an Axiom A diffeomorphism. Since the dynamical richness exhibited by nearby diffeomorphisms of another one exhibiting a homoclinic tangency [PT] , it is an important problem to decide when, in a particular dynamical situation, the system can be approximated by another one having a homoclinic tangency. We raise this question in the following dynamical situation: Suppose that f : M 2 → M 2 is a C 2 diffeomorphism which has a compact basic set Λ and
1 connecting lemma says to us that in this case we can approximate f by another diffeomorphism g having a homoclinic orbit. But it does not say what kind of homoclinic orbit it has. The following corollary of theorem 1 give us the answer.
of f and for every hyperbolic periodic point p ∈ Λ, there exists g ∈ N having a homoclinic tangency associated to a p.
We do not know if the C 2 hypothesis on f above can be raised. The reason of its appearance is that we use results of [PS] which assume this hypothesis.
Respect to what happens in higher dimensions, we remark that examples of Díaz [D] make the theorem 1 false. What we think should be true is the following.
2 diffeomorphism with a compact basic set Λ which has associated an almost homoclinic sequence, then for every hyperbolic periodic point p ∈ Λ one of the following statements hold:
(i) p has associated a transversal homoclinic point outside Λ, (ii) for all N ⊂ Diff 1 (M ), a neighborhood of f , there exists g ∈ N having a homoclinic bifurcation associated to p.
Here we use the notion of homoclinic bifurcation as defined in [PT] , page 134. The paper is organized in three sections. In the second one we present all stuff which is necessary for doing the proof of the theorem, and in the last section we provide the proof of the theorem. The proof's idea is the following. Let f and Λ be as in the theorem. By the connecting lemma of Hayashi, f can be approximated by diffeomorphisms exhibiting a transversal homoclinic orbit. Analyzing the rate of domination between stable and unstable vectors for these homoclinic orbits, we obtain: If these rates are bounded for infinitely many perturbations, then f has a homoclinic orbit outside Λ. In the other case f can be approximated by diffeomorphisms exhibiting a homoclinic tangency.
Preliminaries
Consider a diffeomorphism f : M → M and a basic set Λ of f which has associated an almost homoclinic sequence {γ n }. 
The converse is obvious.
For the proof of this lemma we use the following version of the connecting lemma. This theorem is Theorem F of [WX] .
Remark 2. In the conditions and notation of theorem 2. If k ≥ L is the first positive integer such that
Proof of lemma 1. Because of the remark 1, we know that m ′ n → ∞. Take a sequence {ǫ n } such that ǫ n → 0. For each n we take ρ
and f
, for easy of writing let us assume that α n = n, see figure 1. By theorem 2 there are a sequence of diffeomorphisms {g n } and a sequence of positive integers {m n } such that
In the same way, we get a sequence of diffeomorphisms
, f n ) meet in a transversal way at q s , if not with a small perturbation we get that. Since
, f n ) are dense in Λ, for all n, where k ≥ 1 is the period of p, we have that q u is accumulated by transversal homoclinic points of f n associated to p, so q u is accumulated by transversal homoclinic points of f n associated to p. In particular we can take z n , a homoclinic point of f n associated to p, in such a way that it holds (iii). The existence of q n and k n satisfying (iv) and (v) is an immediate consequence of the previous thing and of remark 2.
The next lemma is the basic tool for making perturbations and is a slightly general version of [F, Lemma 1.1] .
The following two lemmas are the tools to perturb f along a piece of a homoclinic orbit to close the angle made by the stable and unstable manifolds. 
then the angle between e 1 and B • I δ e 2 is less than θ, where I δ = 1 δ 0 1 , e 1 = ( 1 0 ) and e 2 = ( 0 1 ). Proof. We may assume that θ <
Now consider a sequence {A n } of diagonal matrices A n = a n 0 0 b n , with a n , b n > 0. Let σ n = n−1 j=0 a n and τ n = n−1 j=0 b n . Lemma 4. For each ǫ > 0, θ > 0 and K > 0 there exists r 0 ∈ Z + such that the following holds. If {A n } is a sequence of matrices as above with A n ≤ K and σ r /τ r > 1/2, for r ≥ r 0 , then there exist matricesÃ n , for n = 0, . . . , r − 1, such that Ã n − A n < ǫ,Ã n e 1 = e 1 and the angle between e 1 andÃ r−1 • · · · •Ã 0 e 2 is less than θ.
Proof. First of all, we observe that there exists δ = δ(ǫ, K) such that if C is a matrix δ-close to the identity and D is a matrix with
Let c > 1 be given by Lemma 3 for δ and θ, and let r 0 ∈ Z + such that (1+δ) 2r0 ≥ 2c. If {A n } is a sequence as in the hypothesis and r ≥ r 0 , we definê
ClearlyÂ n is ǫ/2-close to A n . In addition, B =Â r−1 •· · ·•Â 0 satisfies the hypothesis of Lemma 3, so the angle between e 1 and B • I δ e 2 is less than θ. PutÃ n =Â n , for 1 ≤ n ≤ r − 1, andÃ 0 =Â 0 • I δ . These matrices fulfill the thesis, so we are done.
Now we introduce some notation before presenting the next lemma. Let x ∈ M be a fixed point of f , σ and τ be the eigenvalues of D x f with |σ| < |τ |. By the center stable manifold theorem, there exist invariant manifolds W − (x) and W + (x) associated to σ and τ respectively. We shall say that Σ is a separatrix of W ± (x) if Σ is one of the connected component of X \ {x}, where X is the connected component of
. When x is a periodic point same definitions for separatrices extend considering f k , where k is the period of x. Observe that it can happen that a periodic point x has not separatrices of W ± (x) at all. Denote by ℓ(Σ) the length of Σ.
Let ∆ ⊂ M be an invariant compact set of f and E ⊕ F = T ∆ M be a Dfinvariant splitting. We shall say that E ⊕ F is a dominated splitting of ∆ if there exist C > 0 and 0 < λ < 1 such that
for all j ∈ Z + and x ∈ ∆. Lemma 5. Let ∆ be a compact invariant set with a dominated splitting E ⊕ F , x ∈ ∆ be a periodic point , Σ be an unstable (resp. stable) separatrix of W + (x) (resp. W − (x)) and y ∈ Σ ∩ ∆. If ℓ(Σ) < ∞ then there exist a neighborhood U of y and a periodic point z such that
, where k is the period of z.
Proof. We assume that x is a fixed point, if x is a periodic point take f k , where k is the period of x. Let us assume that the eigenvalues of D x f are positive. We prove the result when Σ is an unstable separatrix, the other cases being analogous. As ℓ(Σ) < ∞, the limit lim n→∞ f n (y) exists. Let z denote this limit, then z ∈ ∆. Let σ and τ be the eigenvalues of D z f , with |σ| ≤ |τ |. Note that |σ| < |τ | since z ∈ ∆ and |σ| ≤ 1.
To start, assume that y belongs to any of invariant manifolds of z. If y ∈ W + (z), see Figure 2 -A, then |σ| < 1 and consider two cases: (1) |τ | < 1 and (2) |τ | = 1. In the first case z is a sink and the result follows. In the second case there exists a strong contractive foliation in a neighborhood of z, so the dynamics near to z is decided by the dynamics on W + (z). As y belongs to a stable separatrix of z we are done. Now assume that y ∈ W − (z). Observe that at y, Σ and W − (z) meet transversally, because if the intersection were non transversal then Figure 2 -B, would imply that E(y) = F (y), which is an absurd. Consider the following three cases: (1) W + (z) has an unstable separatrix, (2) W + (z) has no two separatrices and (3) both separatrices of W + (z) are stable. In the first case we have ℓ(Σ) = ∞, which follows from the λ-lemma when |τ | > 1, and from the existence of a strong contractive foliation when |τ | = 1, see Figure 2 -C. In the second case we get also the same conclusion, observe that here |τ | = 1 and z is accumulated by fixed points in W + (z), see Figure 2 -D. In the third case the result follows easily as seen in Figure 2 -E.
If y does not belong to W − (z) ∪ W + (z), then using analogous arguments as above we get the existence of U , see Figure 2 -F.
If any of the eigenvalues of D x f is negative, the proof runs as above, but in this case it is possible that z could be a period point of period two.
Theorem's Proof
Let Λ be a basic set, {γ n } be an almost homoclinic sequence associated to Λ and p ∈ Λ be a periodic point. To simplify, we suppose that p is a fixed point. Let U , q s , q u , {q ′ n } and {m ′ n } as in the definition of an almost homoclinic sequence. We can assume that {γ n } = {q
Let us see that we get the result when [PT, pag. 36] , we get that f can be approximated in the C 1 topology by a diffeomorphism which has a homoclinic tangency associated to p.
In what follows, we assume that
Let {f n }, {z n }, {q n }, {m n } and {k n } as in lemma 1, and ∆ n = {f k n (z n ) : k ∈ Z} ∪ {p}. It is clear that ∆ n is a hyperbolic set for f n , so it has a dominated splitting E n ⊕ F n . By the same argument that in remark 1, m n → ∞ and k n → ∞.
Given n ∈ Z + we denote by l n the least positive integer such that
for all k ≥ l n and x ∈ ∆ n . Since ∆ n has a dominated splitting, l n is well defined. The proof follows from the consideration of two cases: 1) lim inf n→∞ l n = ∞, and 2) lim inf n→∞ l n = l < ∞. Taking subsequences, if necessary, we can suppose that l n → ∞ (resp. l n = l) in the first (resp. second ) case. The next lemma finish the proof in the first case.
Lemma 6. If l n → ∞ then there exists a sequence {g n } ⊂ Diff 1 (M ) such that g n → f in the C 1 topology, p is a hyperbolic fixed point of g n and g n has a homoclinic tangency associated to p.
Proof.
It is enough to show that, given θ > 0 and U neighborhood of f , there exists g ∈ U such that p is a hyperbolic fixed point of g and there is a homoclinic point of g, x associated to p, such that the angle between T x W s (p) and T x W u (p) is less than θ. Let θ > 0 and U a neighborhood of f in Diff 1 (M ). Let N ∈ Z + such that f n ∈ U, for all n ≥ N . If there exist x n ∈ ∆ n such that lim inf n→∞ ∠(E n (x n ), F n (x n )) < θ then we have that we want. So assume that ∠(E n (x), F n (x)) ≥ θ for all x ∈ ∆ n and n ≥ N .
By hypothesis, there exist x n ∈ ∆ n and r n ∈ Z + , for each n ∈ Z + , such that r n → ∞ and
It is clear that
Observe that B n (k) is a diagonal matrix and there exists K > 0 such that B n (k) ≤ K, for all k, n ∈ Z + . Let ǫ > 0, given by Lemma 2 for f and U; r 0 ∈ Z + , given by Lemma 4 for ǫ, θ and K, and n ≥ N such that r n ≥ r 0 . We define A k = B n (k), for k ≥ 0. Observe that {A k } rn k=0 satisfy the hypothesis of Lemma 4, so there are matricesÃ 0 , . . . ,Ã rn−1 such that Ã k − A k < ǫ,Ã k e 1 = e 1 and the angle between e 1 andÃ rn−1 • · · · •Ã 0 e 2 is less than θ. By Lemma 2, there exits g ∈ U such that g j (x n ) = f j n (x n ), for all k ∈ Z and the angle between T y W s (p) and
, that is what we wanted to proof. Lets go consider, to finish, the second case, i.e. when l n = l. We will see that this case drives us to a contradiction if we assume that, as in fact we are doing, that
There exist a sequence {n i } such that {∆ ni } converges, in the Hausdorff topology, to a compact set ∆. To simplify suppose that n i = i. Since l n = l, then ∆ has a dominated splitting E ⊕ F . The subbundles E and F can be extended in a continuous way to a neighborhood V 0 of ∆ in such a way that E(x) ⊕ F (x) = T x M , for all x ∈ V 0 . Given η ∈ T x M , for x ∈ V 0 , we denote by η 1 ∈ E(x) and η 2 ∈ F (x) to the vectors such that η = η 1 + η 2 . Let
Let V 1 be an open neighborhood of ∆, 0 < ρ < 1 and
We call an interval to the image of an immersion in M of a closed interval and we will denote by ℓ(I) its length. We shall say that an interval I is an E-interval if I ⊂ V 1 and T x I ⊂ C F ρ (x), for all x ∈ I. Analogously, we define F -intervals. An E-interval I is a δ-E-interval if I ⊂ ∆ + 0 and ℓ(f k (I)) < δ, for all k ≥ 0. In the same way, we say that an
Now we state Proposition 3.1 of [PS] . 
ii. ω(I) has just periodic points.
We recall that there are points q n such that q n → q u and f kn (q n ) → q s , see Figure 1 . We observe that q s , q u ∈ ∆, because of q s = lim n→∞ f mn n (z n ), q u = lim n→∞ z n and z n ∈ ∆ n , for all n. Let V 2 be an open neighborhood of ∆, δ 1 > 0
Lemma 7. For all ǫ > 0 there exists n ∈ Z + such that the following holds:
i. dist(q n , q u ) < ǫ. ii. If I is an E-interval with q n in the interior of I and the length of one of each connected components of I \ {q n } is greater than ǫ then there exists J ⊂ I, E-interval, such that q n ∈ ∂J, ℓ(f j (J)) ≤ ǫ, for 0 ≤ j ≤ k n , and the extreme point of f kn (J) which is not f kn (q n ) belongs to the connected component of
, for all n ≥ N 2 . If I is an E-interval with q n ∈ ∂I we shall say that it point to Γ, if either there is J ⊂ I, an E-interval with q n ∈ J and f kn (J) ⊂ B, such that the second coordinate of every point in f kn (J) is less than or equal to, in absolute value, the second coordinate of
We observe that lim n→∞ ζ n = 0, and if J is an E-interval which points to Γ, with q n ∈ ∂J, and ℓ(f kn (J)) ≥ ζ n then f kn (J) meets Γ. Let 0 < ǫ < min(δ 0 , δ 1 ) be fixed and N 3 ≥ N 2 such that q n ∈ B ǫ (q u ), for all n ≥ N 3 , where δ 0 is given by Proposition 1. For each n ≥ N 3 , letĨ n be an E-interval that satisfies the hypothesis of the lemma, i.e.Ĩ n \ {q n } has two connected components with its length greater than ǫ. Let I n be the unique Einterval contained inĨ n which point to Γ and has lengths ǫ. We observe that by definition q n ∈ ∂I n . Let I 0 n , . . . , I kn n be the E-intervals which satisfy:
If we prove that there is n ≥ N 3 such that I kn n intersects Γ then we will have proved the lemma. Let us prove the existence of such an n by contradiction. So we assume that I kn n ∩ Γ = ∅, for all n ≥ N 3 , and get an absurd.
kn n , by compactness there exists a subsequence J nj which converges to an E-interval J in such a way that x = lim j→∞ f νn j (q nj ) is well defined. It is clear that ℓ(J) = ǫ and x ∈ ∂J. Without loss of generality we assume that J n → J and f νn (q n ) → x. J is an ǫ-E-interval (because of k n − ν n → ∞) and x ∈ ∆, see (v) of lemma 1. Proposition 1 implies that either ω(J) is a finite collection of invariant curves normally hyperbolic or ω(J) is formed by periodic points. Let us see that each alternatives lead us to a contradiction. We observe that ω(J) ⊂ ∆ 0 .
Consider the case when ω(J) is a finite collection of invariant curves normally hyperbolic. Since the inner dynamics of theses curves are irrational and F restricted to theses curves is its tangent space, the continuity of the dominated splitting implies that E is a normal fiber which is contractive. So ω(J) is an attractor, i.e. Figure 3 . Proof of Lemma 7 big enough, but this is impossible, because ν n < k n , f kn (q n ) → q s ∈ W s (p) and p / ∈ ω(J). Now consider the case when ω(J) is formed just by periodic points. Let y ∈ ω(x), σ and τ be the eigenvalues associated to y, with |σ| < |τ |, W − (y) and W + (y) be the invariant manifolds associated to σ and τ respectively. We observe that |σ| ≤ 1. With no loss of generality we suppose that y is a fixed point and σ, τ ∈ R + . We have to consider several subcases.
x belongs to the interior of W s (y): In this subcase we get an absurd in an analogous way as when we consider ω(J) as a finite collection of invariant curves normally hyperbolic.
x does not belong to the interior of W s (y) and x = y: The proof here is similar to the proof of the next subcase.
x does not belong to the interior of W s (y) and x = y: Then τ ≥ 1 and x ∈ W − (y). We get that W + (y) has at most one stable separatrix. Denote by Σ x the separatrix of W − (y) which contains x. We are going to obtain a contradiction. Assume that τ > 1. Let ǫ ′ > 0 be small and Σ 0 x be the connected component of B ǫ ′ (x) ∩ Σ x which contains x. B ǫ ′ (x) \ Σ 0 x has two connected components , we denote them by B − and B + . J intercepts just one of them, let us say B − . The λ-lemma ( [P] ) implies that {f k (J)} accumulates in one of the separatrices of W + (y), see Figure 3 -A. Let Σ − be this separatrix and Σ + be the other one of W + (y). Since {f k (J)} accumulates on Σ − , ℓ(Σ − ) ≤ ǫ.
Claim 1. If there are infinitely many n for which f νn (q n ) ∈ B + then ℓ(Σ + ) ≤ ǫ.
Let us prove the claim by contradiction. We have that q s / ∈ Σ x . Let {n j } be an increasing sequence of positive integers such that f νn j (q nj ) ∈ B + , for all j, and n 1 ≥ N 3 . Since ℓ(Σ + ) > ǫ, there is r j ∈ Z + such that ℓ(f rj (J nj )) > ǫ. From here it follows that ν nj + r j ≥ k nj and q s ∈ Σ + . Given j big enough we have two alternatives. Either I nj does not point to Γ or I kn j nj intersects Γ, see Figure 3 -B. For both of the alternatives this is an absurd. This ends the proof of the Claim 1.
Suppose now that there is an increasing sequence of positive integers {n j } such that f νn j (q nj ) ∈ B + , for all j ≥ 1, then there exist z ∈ Σ + and {r j }, with ν nj < r j < k nj , such that f rj (q nj ) → z. From here it follows that z ∈ ∆. Lemma 5 give us the existence of a periodic point z ′ and a small neighborhood V of z which
